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^jj^ Abstract. We prove that weakly differentiable weights w which, together 

with their reciprocals, satisfy certain local integrability conditions, admit a 
unique associated first-order p-Sobolev space, that is 

H^-'P^^dx) = V^QB^^dx) = W 1 ' p (B d ,wdx), 

where d £ N and p £ [1, oo). If w admits a (weak) logarithmic gradient S7w/w 
which is in (w dx; TR. d ), q = p/{j> — 1), we propose an alternative definition 
of the weighted p-Sobolev space based on an integration by parts formula 
involving S/w/w. We prove that weights of the form cxp(— P\-\ q — W — V) are 
p-admissible, in particular, satisfy a Poincare inequality, where /3 £ (0, oo), W, 
V are convex and bounded below such that |VW] satisfies a growth condition 
(depending on /9 and q) and V is bounded. We apply the uniqueness result to 
weights of this type. The associated nonlinear degenerate evolution equation 
is also discussed. 



1. Introduction 
Consider the following quasi-linear PDE in TR d (in the weak sense) 

(1.1) - div [w|Vu| p ~ 2 Vu] = fw, 

(here 1 < p < oo) where w > is a locally integrable function, the weight and / is 
sufficiently regular (e.g / G L q (w dx), see below). Let fi{dx) := w dx, q := p/ (p— 1). 
The nonlinear weighted p-Laplace operator involved in (jl.ip can be identified with 
the Gateaux derivative of the convex functional 

(1.2) Eft :u^^J\Vu\ p d^. 

By methods well known in calculus of variations, solutions to (jl.l[) are characterized 
by minimizers of the convex functional 

(1.3) E 1 } E${u) - J fudfjt. 

Of course, the minimizer obtained depends on the energy space chosen for the 
functional (|1.2I) . It is natural to demand that the space of test functions is 



E-mail address: jonasmtoelleOgmail.com. 
2000 Mathematics Subject Classification. 46E35; 35J92, 35K65. 

Key words and phrases. H = W , weighted Sobolev spaces, smooth approximation, density 
of smooth functions, Poincare inequality, p-Laplace operator, nonlinear Kolmogorov operator, 
weighted p-Laplacian evolution, nonlinear degenerate parabolic equation. 

The research was partly supported by the German Science Foundation (DFG), IRTG 1132, 
"Stochastics and Real World Models" and the Collaborative Research Center 701 (SFB 701), 
"Spectral Structures and Topological Methods in Mathematics", Bielefeld. 

1 



2 



J.M. TOLLE 



included in this energy space (where we take the subscript zero to denote functions 
with compact support rather than functions vanishing at infinity). 

Therefore, let H 1,p (ii) be the completion of w.r.t. the Sobolev norm 

,i/p 

\l,p,M I II V 'llLP( Al ;]R d ) ~<~ ll"lliP(» 



iJ 1,p (/u) is referred to as the so-called strong weighted Sobolev space. Of course, in 
order to guarantee that H 1,p (fi) will be a space of functions we need a "closability 
condition" , see equation (|2.1|) below. 

Let V be a weighted Sobolev space such that 

• V C L p (fi) densely and continuously, 

• V admits a linear gradient-operator V v : V —> L p (/x;lR ) that respects 
/x-classes, 

• V is complete w.r.t. the Sobolev norm, 

• C§° C V and Vu = V v u /x-a.e. for u 6 C* °° and hence #o' P (m) C V. 
In the case that 

the so-called Lavrent 'ev phenomenon, first described in [31] , occurs if 

min_Ef('u)< min Et(u). 

u£V 1 u£H 1 -P( fJ ,) 1 

This leads to different variational solutions to equation (11.1[) . as discussed in detail 
in [38 . In order to prevent this possibility, we are concerned with the problem 

H 1 *^) = V, 

which is equivalent to the density of in V and therefore is called "smooth 
approximation". Classically, if w = 1, the solution to this problem is known as the 
Meyers- Serrin theorem [M] and briefly denoted by H — W . If p = 2, the problem 
is also known as "Markov uniqueness", see 5,6, 13 . 40 141] . 

H = W for weighted Sobolev spaces (p ^ 2) has been studied e.g. in jl2t i25ll46] . 
H = W is in particular useful for identifying a Mosco limit [2T1I44] 

We are going to investigate two types of weighted Sobolev spaces substituting 

V. 

Let ip := w x / p . Consider following condition for p £ [1, oo) 

(Diff) ^6^), /3:=^eL? oc (/i;R d ) 

Assuming (Diff), we shall define the Sobolev space V^ 1,p (^) (which extends H 1 ' p (ij,)) 
by saying that / £ V 1,p (n) if / G L p (^l) and there is a gradient 

W:= {d>£f,...,d»f)eLV{ix;n d ) 
such that the integration by parts formula 

(1.4) / Qtftidii = - [ fd.ndfi - [ /ryft dn 



holds for all n £ C^°(R d ) and all i £ {!,..., d}. We point out that, in general, 
we do not expect / £ L\ oc (dx)\ Therefore we cannot use distributional derivatives 
here. Formula fj 1 .4[) is based on the weak derivative of fw rather than on that of 
/, see Section |2~T1 for details. 

For p = 2, this framework has been carried out by Albeverio et al. in [5HHH]. 

Assuming (Diff), equation (jl.l[) has the following heuristic reformulation 

-div [\Vu\ p ' 2 Vu] - (\\7u\ p - 2 \7u, (3) = /, 
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which suggests that (11.11) can be regarded as a first-order perturbation of the un- 
weighted p-Laplace equation. In these terms, (|1.1[) mimics a nonlinear Kolmogorov 
operator. 

Let us state our main result. 

Theorem 1.1. Assume (Diff). If p — 1, assume additionally that 

(1.5) V^eL£ c (dx;R d ). 

Then C^QR^) is dense in V 1 ' p (fi), and, in particular, 

For p = 2, Theorem 11.11 was proved by Rdckner and Zhang [4"01F4T] using methods 
from the theory of Dirichlet forms depending strongly on the L 2 -framework. For 
weights of the type /i(dx) = Z~ x e" u ^ x > dx, Z :— J e~ u ^ dx, Lorenzi and Bertoldi 
proved Theorem 11.11 under much stronger differentiability assumptions, see [32l 
Theorem 8.1.26]. We also refer to Chapter 2.6 of Bogachev's book [TU] for related 
results. 

Our proof is carried out in Section[3]and inspired by the work of Patrick Cattiaux 
and Myriam Fradon |11) . In contrary to their proof, in which Fourier transforms 
are used (relying on the L 2 -framework), we shall use maximal functions in order to 
obtain the fundamental uniform estimate. Of course, formula (|1.4p provides highly 
useful for the proof. 

Consider the following well known condition for p G [1, oo) 

ip-i e L\ oc {dx), for p e (l,co)\ 

(Reg) i } ■ 

^6CW, forp = l J 

Condition (Reg) ("regular") implies that each Sobolev function is a regular 
(Schwartz) distribution, see Section |U 

Let D be the gradient in the sense of Schwartz distributions. Assuming (Reg), 
we define 

W 1 ' p (fi) := {u e L"(fi) | Bu e LP(ii;n d )} , 

see e.g. [25]. We shall refer to W 1,p ([i) as the so-called Kufner- Sobolev space, due to 
[26] , and remark that its definition is the standard one in the literature of weighted 
Sobolev spaces. It is well known that i? 1,p (/i) = W 1,p (ii) is implied by the famous 
p-Muckenhoupt condition, due to |36j . in symbols w G A p , 1 < p < oo, where A p 
is defined as follows: w = tp p € A p if and only if there is a global constant K > 
such that 




<K, 



for all balls B C R d . See Proposition 14.31 below for the proof. We refer to the 
lecture notes by Bengt Ove Turesson 45 for a detailed discussion of the class A p . 
See also [2J Ch. 15]. 

As a consequence of Theorem ll.il we obtain the following result: 

Corollary 1.2. Assume (Reg), (Diff), and if p = 1 assume also that (|1.5p holds. 
Then 

H^ifi) = V 1,p (fi) = W^ p {p). 

We shall give a precise proof in Section [H As an application, we investigate 
the evolution problem related to PDE (jl.ip in Section [5] In particular, we provide 
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existence and uniqueness of the following (global) evolution equation in L 2 ([i), 

d tU = - div \w\Vu\ p - 2 Vu] , in (0,T) x R d , 
(1.7) w 

u(-,0) = u e L 2 (/i), in R d . 

See [7] for an example of the (local and nonlocal) weighted evolution problem 
with Muckenhoupt weights. We also refer the work by Hauer and Rhandi [3D], who 
prove a non-existence result for the global weighted evolution problem. 

An application related to nonlinear potential theory and the elliptic equation 
is given by the notion of p-admissibility, as introduced by Heinonen, Kilpelainen 
and Martio in [23] (see Definition 16. 1 1 below) . 

We say that a function F : R d — )• R has property (D), if there are constants 
Ci > 1, C2 G R such that F(2x) < c\F(x) + c^. If F is concave, it has property 
(D) with ci — 2 and C2 = F(Q). With the help of the ideas of Hebisch and 
Zegarlihski [3T] we are able to prove: 

Theorem 1.3. Let 1 < p < oo. q :=p/(p-l). Let (3 G (0,oo), let W G C 1 (R d ) be 
bounded below and suppose that 

|W(x)| < 5\x\ q ~ l +7 

/or some S < j3q and 7 G (0, 00). Suppose also that —W has property (D). Let 
V : R d -)Rfca measurable function such that oscV :— supV — inf V < 00 and 
—V has property (D). 
Then 

x ^ exp(-/3|x| 9 - W(x) - V{x)) 

is a p- admissible weight. If, additionally, V G W^^{dx), this weight satisfies the 
conditions of Corollary \1. 6 A 

Remark 1.4. IfV is convex, then V is locally Lipschitz by \39i Theorem 10. 4] and 
hence V G W^{dx) by fl^J Theorem 5]. 

Remark 1.5. If oscV < 00, then the weight exp(— V) obviously satisfies Mucken- 
houpt 's condition (|1.6[) for all 1 < p < 00. 

As an application of the main result 11.11 the weighted Poincare inequality 



/- 



J f w dx 



w dx < c / I V/| p w dx, 



J w dx 

for the weight w :— exp(— /3\-\ q — W — V) also holds for / G V 1 ' p (w dx) and for 
/ G W 1,p (w dx). We also point out, that by Kinder lehrer and Stampacchia [3SJ the 
stationary problem (jl.ll) can be solved for p-admissible weights, see [33] Ch. 17, 
Appendix I]. 

Notation. Equip R d with the Euclidean norm |-| and the Euclidean scalar product 
(•, •). For i G {1, . . . ,d}, denote by a the i-th unit vector in R d . For Revalued 
functions v we indicate the projection on the i-th coordinate by vi. We denote the 
(weak or strong) partial derivative g§- by di. Also V :— (d±, . . . ,d ( i). Denote by 
C°° = C°°(R d ), = C^(R d ) resp.', the spaces of infinitely often continuously 
differentiable functions on R d , with compact support resp. We denote the standard 
Sobolev spaces (local Sobolev spaces resp. ) on R d by W^ p (dx) and W^(dx), with 
1 < p < 00. 

For x G R d , let 

if x ^ 0, 



sign(x) 



if x = 0. 
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Denote by D the gradient in the sense of Schwartz distributions. For x € R d and 
p > 0, set B{x 1 p) := {y £ R d | \x-y\< p} and B(x, p) := {y £ R d | \x - y\ < p}. 
With a standard mollifier we mean a family of functions {rj E } £> o such that 



where r\ £ C^(R d ) with r\ > 0, rj(x) — T](\x\), suppry C B(0, 1) and J rjdx — 1. 

2. Weighted Sobolev spaces 
For all what follows, fix 1 < p < oo and d £ {1,2,.. .}. Set q :— p/(p — 1). 

Definition 2.1. For an a.e.-nonnegative measurable function f on R d , we define 
the regular set 



R(f) :={y£n d 



—, 7 dx < oo for some e > 

B(y,e) f(x) 



where we adopt the convention that 1/0 := +oo and 1/ + oo := 0. 
Define also 



R(f) :={y£n d 



ess sup < oo for some e > 

i£B(j,e) /W 



Obviously, is the largest open set O C R d , such that 1/ f £ L\ oc {0). Also, 

it always holds that / > dx-a.e. on is the largest open set O C R d 

such that 1// £ L^ c (0). By abuse of notation, we denote the regular set for 
functions tp : M — > R by the same symbol. 

Fix a weight w, that is a measurable function w £ i 1 1 oc (R d ), w > a.e. Set 
p(dx) := w;<&r. Following the notation of [JU]; we set y> := w 1 ^. 

Definition 2.2. Consider the following conditions: 

(Haml) For each i £ {1, ...,d} and for ({d — 1)- dimensional) Lebesgue a. a. y £ 
{ei} 1 - it holds that the map i/) y : 1 1— > ip(y+tei) satisfies ip^(t) — for dt-a.e. 

t £ B.\R(ip*) ifp £ (1, oo) and satisfies ip y (t) = for dt-a.e. t £ M.\R(ip y ) 
ifp = 1. 

(Ham2) ip p (x) = for dx-a.e. x £ M, d \R(ip q ) ifp £ (1, oo) and (p(x) = for dx-a.e. 
x £ M. d \R(tp) ifp= 1. 

Both (Haml), (Ham2) are called Hamza's condition ("on rays" resp. "on R d "), 
due to [T5] , 

It is straightforward that the following implications hold 

(Reg) => (Ham2) => (Haml). 
Also, if (Reg) holds, p and dx are equivalent measures. 
Remark 2.3. Suppose that for dx-a.a. x £ {(p p > 0}, 

ess inf >p p (y) > 

yeB(x,8) 

for some S = S(x) > 0. Then (Ham2) holds (and is indeed equivalent to (Ham2) 
forp — 1). In particular, (Ham2) holds whenever ip p > is lower semi-continuous. 

The following lemma is analogous to [3J Lemma 2.1]. 
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Lemma 2.4. Assume that (Ham2) holds. Then for p £ (l,oo), 

L^n d ,fi)cLl c (R(^),dx) 

continuously and for p = 1 

i 1 (]B. d , ju) C Ll oc (R((p),dx), 

continuously. 

Proof. Let u £ L p (R d ,fj,) and let 5 <e i?(</? 9 ) be a ball. By Holder's inequality, if 

p £ (l,oo), 

|u|dx<f / |upVda;^ ■([ tp-« dx* 



\JR( V i) ) \J B 

J B ip~ q dx is finite by (Ham2). For p = 1, just observe that for balls B <g .R(y) 



j \u\dx < | 


/ |u| ip dx 




Jrm J 



□ 

Definition 2.5. Let 



l/p 

< oo 



Let H 1,p (n) :— X be the abstract completion of X w.r.t. the pre-norm |M| lpM - 

Lemma 2.6. Suppose that (Haml) holds. Then for all sequences {u n } C C°° the 
following condition holds: 

lim||u n || iP(ju) = and {u„} is II V-|| LP(M;Rci) -Cauchy 

(2.1) always imply 

lim||Vu„|| LlJ(M;Rti) = 0. 

Condition (|2.ip is referred to as closability. 

Proof. We shall consider partial derivatives first. Fix i £ {1, . . . , d}. 

Let {u n } £ C°° such that ||un|li>( M ) — > and such that {u n } is \\di-\\ LP ^y 
Cauchy. By the Riesz-Fischer theorem, {diU n } converges to some v £ L p (n). Fix 
y £ {ei} 1 - . Set ifi y : t i-t ip(y + te,i). By (Haml) and Lemma \2 .41 for d = 1, setting 
I y := R(ij)^), if p £ (1, oo) and I y := R(ip y ) if p = 1, we conclude that the sequence 
of maps {t i— > 9iU„(?/+tei)} converges to 1 1-} v(y+tei) in L\ QC {I y ). Let ?7 G C§°(I y ) : 

= lim/ u n (y + tei)-^-n(s) di = -lim/ (diU n )(y + te^r/Ct) dt 

n Jiy d s s=t " i S upp^n/ H 

= - / w(y + tei)ri(t) dt. 

J supp r;n/y 

We conclude that v(y+ta) = for dy-a.e. y £ {ei} x and dt-a.e t G By (Haml) 
it follows that u = /i-a.e. on R d . 

Assume now that {«„} G C°° such that ||u„|| LP ^ — ► and such that {u n } is 
llV-l^p^.^dj-Cauchy. Clearly each {diU n } is a Cauchy-sequence in L p (/i). There- 
fore, for some constant C — C(p, d) > 0, 

f \S7u n \ p d^<Cy f \d lUn \ p dyi -> 0, 
as n — > oo by the arguments above. □ 
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Proposition 2.7. Assume (Haml). Then H 1,p {n) is a space of \i- classes of func- 
tions and is continuously embedded into L p ([i). Also, H 1,p (p) is separable and 
reflexive whenever p £ (l,oo). 

Proof. The proof works by similar arguments as in the unweighted case. □ 

Denote the (class of the) gradient of an element u £ H 1,p {fj) by V M u. 

Proposition 2.8. Assume (Haml). The fi-classes o/Cq° (lR !i ) functions are dense 
in H 1,p (fi). 

Proof. The proof is a standard localization argument using partition of unity, see 
e.g. Theorem 1.27]. □ 

2.1. Integration by parts. We follow the approach of Albeverio, Kusuoka and 
Rockner [5] , which is to define a weighted Sobolev space via an integration by parts 
formula. Recall that w — (p p . A function / € £ p (/i) might fail to be a Schwartz 
distribution. Instead, consider fip p = (ftp)^ -1 , which is in L\ oc (dx) by Holder's 
inequality and therefore D(fip p ) is well defined. For / £ Cq , the Leibniz formula 
yields 

(2.2) (Vf)<P p =D(f<f?)-Pf—<P p , 

which motivates the definition of the logarithmic derivative of ji: 

a D ^ 
P ~P , 

<P 

where we set f3 = on {tp = 0}. The name arises from the (solely formal) identity 
p = V(log(^)). 

Lemma 2.9. Condition (Diff) implies (p p £ W lo ' c (dx) and 

(2-3) (3= P -P = ^1, 

tp (pp 

where V denotes the usual weak gradient. 

Moreover, ft £ Lf oc (fj,;R d ) and, if p £ (l,oo), \Vip\ip p ~ 2 £ Lf oc . 

Proof. For p = 1, the claim follows from (Diff). Assume (Diff) and that p £ (1, 00). 
ip p £ L\ oc is clear. We claim that 

(2.4) V(<p p ) = pipP^Vip. 

Let if e :— rj £ * tp, where {%} is a standard mollificr. It follows from the classical 
chain rule that for all e > 

v((^f)= P ^r i v^. 

Since tp p ~ 1 £ L^ QC and Vip £ Lf oc , we can pass to the limit in L\ oc and get that 
ipP g Wj^ 1 (c/x). (|2.4I) follows now from the uniqueness of the gradient in W,' (dx). 
The first equality in (1231) is clear. The second follows from (|2"H) . ft £ Lf oc (/x;lR d ) 
is clear. The last equality follows from (Diff) by 



□ 



Lemma 2.10. Assume (Diff) and that p £ (1, 00). TTiera (p^ 1 £ W^' c 9 ((fa;). Also 

v^- 1 ) = (p-iy- 2 v^. 
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Proof. Fix 1 < i < d. For JV e N, define ij) N : E ->■ E by i/) N (t) := (|i| V 
iV -1 A N) p ~ 1 . Clearly, ippj is a Lipschitz function. By the chain rule for Sobolev 
functions g3 Theorem 2.1.11], 

ipP- 1 

di1p N (ip) = (p - l)l{7V-i< v <Ar} 

We have that ^^(ip) — >■ tpP -1 dx-a.s. as TV — »■ oo. Also, 

|<M^)I 9 < |(v> v AT 1 )*! < C\<p\* + Ce L\ oc . 
Furthermore, by Lemma 12.91 

' < \^- 2 dM G Lf oc . 



l{Ar-i< v <W} 



Hence by Lebesgue's dominated convergence theorem, ippf(ip) — » <ys p 1 in L? and 
diipN^) — >• (p — l)v p_2 ^i < / 3 m -^loc- The c l a i m is proved. □ 

Lemma 2.11. fia; 1 < i < d. Suppose that (Diff) holds. Then there is a version 

ipP of ip p , such that for y G {e,:}^ the map ipy : t i— > <p p (y + tei) is absolutely 
continuous for almost all y G {ei}^ . Furthermore, for almost all y £ {ei}" 1 ", setting 
tpy : 1 1-> p(y + te^, 

E\fl(^)D{f6E|#)=0} ! 

i/pG (1, oo) and 

R\% 9 )D{tei|^(t) = o} 

i/p = 1. Recall that in both cases the dt-almost sure inclusion "c " holds automat- 
ically. 

Proof. Note that ip p G Wi ' (etc) by Lemma [2.91 Then the first part follows from 
a well known theorem due to Nikodym, cf. [32J Theorem 2.7]. The second part 
follows from absolute continuity and Remark 12.31 for d = 1 . □ 

We immediately get that: 
Corollary 2.12. It holds that 

(Diff) (Haml). 

Motivated by (|2.2I) . we shall define the weighted Sobolev space V rl ' p (/i). 

Definition 2.13. If (Diff) holds, we define the space V 1,p (fi) to be the set of all 

fi-classes of functions f £ LP^jl) such that there exists a gradient 

V/ = (^ /,..., d$f) eL p (^ d ) 

which satisfies 

(2.5) / d?fr,ip p dx = - f fd ir] tp p dx- j fril3 lV p dx 



for alii £ {1, ... , d} and all r] £ C£°(R d ). 

Define also Vj |f(/x) by replacing L p ([i) and L p (/j,;~\R d ) above by Lf (ji) and 
Lf oc (M;K d ) resp. 

The first two integrals in (|2.5I) are obviously well defined. The third integral is 
finite by (Diff). It follows immediately that the gradient V M is unique. Also, if 
/ £ C 1 ^), then / G V£*{p) and V/ = V^ 1 / /i-a.s. 
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Proposition 2.14. Assume (Diff). Then V 1,p (fi) is a Banach space with the 
obvious choice of a norm 

IHIl, PlA1 : = (ll v ^-HiP( M; iRd) + IMIiP^)) 

Moreover, H ' p ((x) C V 1,p (n) and their gradients coincide [i-a.e. 

Proof. Let {/„} C V 1,p (fi) be a [[ - [[ ^-Cauchy sequence. By the Riesz-Fischer 
theorem, {/„} converges to some / G L p (ii) and {V M / n } converges to some g G 
L p (Ai;IR rf ). Let i G {1, . . . , d} and 77 G Co°(It d ). Passing on to the limit in (|2"3j) 
yields that 

y git]<p p dx — - y fdir\if> p dx - J fr}fiw p dx. 

Therefore <? = V/ and ||/„ - -► 0. 

Let us prove the second part. Note that by Corollary 12.121 and the discussion 
above, iJ 1,p (/i) is a well defined set of elements in L p (fi). 

Let / G Cg°(R d ) C H^ifi). By (Diff) and the Leibniz formula for unweighted 
Sobolev spaces, (|2.2[) is satisfied. By classical integration by parts, / satisfies (|2.5[) 
with V p f = V/. We extend to all of H 1 *^) by Proposition using that V 1 *^) 
is complete. □ 

For our main result further below, we need to be able to truncate V 1,p (/i)- 
functions. Therefore, we need to verify absolute continuity on lines parallel to the 
coordinate axes in V 1,p ([i): 

Proposition 2.15. Suppose that (Diff) holds. Fix 1 < i < d. Then f G V 1 *^) 
has a representative f l such thatt H> f l (y+tei) is absolutely continuous for ((d—1)- 
dim.) Lebesgue almost all y G {ei}^ on any compact subinterval of R(<p q (y + -ej)) 
if p G (l,oo), on any compact subinterval of R(ip(y + -ej)) resp. if p = 1. In that 
case, for dy-a.a. y G {ej^, dt-a.a. t G R(ip q (y + -e,)) (if p G {I, 00)), R(ip(y + -e t )) 
(if p — 1) resp. setting x :— y + tei, it holds that 

d?f(x) = j t f(y + te i ). 

Proof. The claim can be proved arguing similar to [51 Proof of Lemma 2.2]. Com- 
pare also with 14, §4.9.2]. □ 

Picking appropriate absolutely continuous versions, one immediately obtains the 
following Leibniz formula: 

Corollary 2.16. Suppose that (Diff) holds. If f,g G V Al,p (/x) and if fg, fd^g and 
gd^f are m L p (p) for alll<i<d, then fg G V^ifi) and d?(fg) = fd^g + gd?f 
for alll<i<d. Then also, V^{fg) = fWg + gV p f. 

The following lemma guarantees that we can truncate Sobolev functions. 

Lemma 2.17. Suppose that (Diff) holds. Suppose that f G V 1 ' p (fi) and that 
F : JR -> R is Lipschitz. Then F o / G V x > p {p) with 

V^o/) = (f'o/).V/ 0-a.s. 

In particular, when F(t) :— N A t V — N , N G N is a cut-off function, 

(2.6) |V(Fo/)|<|V/| n-a.s. 

Proof. The claim can be proved arguing similar to [ITJ Theorem 2.1.11]. □ 

Lemma 2.18. Suppose that (Diff) holds. The set of bounded and compactly sup- 
ported functions in V l,p {n) is dense in V 1 ^^). 
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Proof. The claim follows by a truncation argument from Corollary |2.16l and Lemma 
|2~P71 We shall omit the proof. □ 

Note that the last two statements also hold for H 1 ' p (fi). Anyhow, the proof 
of Lemma [2.171 for H 1,p {pL) needs some caution, we refer to [33l Proposition 1.4.7, 
Example II. 2. c)]. 

3. Proof of Theorem 11.11 

We arrive at our main result. Our proof is inspired by that of Patrick Cattiaux 
and Myriam Fradon in [llj . See also [15] . However, our method in estimating 
(I3.10[) is different from theirs, as we use maximal function-estimates instead of 
Fourier transforms. 

For all of this section, assume (Diff). By Lemma \2. 181 bounded and compactly 
supported functions in V ' p (fx) are dense. We will show that a subsequence of a 
standard mollifier of such a function / converges in IHIj p ^-norm to /. The claim 
will then follow from Lemma [2TS1 

First, we need to collect some facts about the so-called centered Hardy-Littlewood 
maximal function defined for g £ L\ oc (dx) by 



Mg(x) := sup f \g(y)\dy. 

P>0 J B(x,p) 

We shall need the useful inequality 

(3.1) \u(x) - u(y)\ < c\x - y\ [M\Vu\(x) + M\Vu\(y)] 

for any u £ W 1,p (dx), for all x, y £ H d \ N, where N is a set of Lebesgue measure 
zero and c is a positive constant depending only on d and p. For a proof see 
e -g- [D Corollary 4.3]. The inequality is credited to L. I. Hedberg [22] . 
Also for all u G L p (dx), p £ (1, oo], 

(3.2) \\Mu\\ LP <c'\\u\\ LP 

by the maximal function theorem (321 Theorem 1.1 (c), p. 5] and c' > depends 
only on d and p. 

For the approximation, we shall prove the following key-lemma. Compare with 
[TO Lemma 2.9]. 

Lemma 3.1. Suppose that (Diff) holds. Let f G V ' P (/J>) such that f is bounded. 
Then for every £ £ C^f^M!*) and every 1 < i < d 



(3.3) J dffCpdx + J fditpdx + J f(d i( pdx = 0. 

In particular, f(p £ W,'(dx) and di(f(p) = ipd^ f + fdiip. 

Proof. For all of the proof fix 1 < i < d. For p = 1, the formula follows from (|2.5p . 
So, let p £ (1, oo). Let us first assure ourselves that all three integrals in (|3.3p are 
well defined. Clearly, 

\^m p < iiciil idf/ivi S uppc g L\dx), 

and hence, 

|37Cp| 6 L\dx). 

A similar argument works for the second integral. The third integral is well defined 
because by tp £ W x< £ (dx) we have that 

\KdM p < WKWl l^| p i suppC e L\dx) 

and hence, 

\fCdM £ L\dx). 
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Let M G N and ti u G C* °°(]R) with 

M (t) = t for t G [-M, M], \4 M \ < M + 1, \# M \ < 1 

and 

supp(i9 M ) C [-3M,3M]. 

Define 

<PM ■= $M (j^l) hv»°}- 
Clearly, ipM G ^f c- Furthermore, define 

^m:=(1-pKm(^t)^W 
Since ^(l/V" 1 ) = on {t^ 1 < 1/(3M)} and 

\$m\ <(P~ 1)^-1{ v p-i>1/(3M)} = (P - 1 )^ _ V>{l/(3M))«}i 

hence $m G £f oc - We claim that ipu G Wi 'c (dx) and that = 'I'm- Let e > 

and define 



+ 

Clearly, <^|^ — > ipM in L p oc as e \ 0. Also, by the chain rule for Sobolev functions 
(see e.g. [H Theorem 2.1.11]), 

and 

' fo> + e) 



di<f £ M \ <(p~ 1) — ' .^ 1 {(y+E)P>(l/(3M))n G Lf , 



Hence <^ M G W Io ',f (dx) and ->■ $ A f in Lf oc as £ \ 0. 

Since ip G W 7 ^',? (dx) and since ipM is bounded, we have that ipuQi'-P G if oc - Also, 
fdiifM G Lf oc , since 

(3.4) I^iVmI < (p- 1 )^rr 1 {^- 1 >i/(3A/)} < (p- 1)3M|%?|. 
Now by the usual Leibniz rule for weak derivatives 

ip(p M G Wl£{dx) and di(<p(p M ) = Vudup + (1 -p)tf M (^~i) ^^=T 

where by definition ditpjipP^ 1 = on {ip = 0}. Consider the term LpMf p - Recall 
that ip p G W lo ' c (dx) by Lemma [HU As already seen, (ptfM G W lo '^(dx). By 
Lemma t^ 1 G W^(dx) and d;^ 1 ) = (p - l)</? p - 2 <9^ G L? oc . Hence 

ipPM(di(<p p ~ 1 )) G Lj oc and d l (ip(p M )f p ^ 1 G L^. It follows that G W^dx) 

and by the Leibniz rule for weak derivatives 

diiipMV?) = PVM<P p ~ 1 di<P + (1 - pWm (j^lj ^ G L i°c 
Let £ G C^ >0 (lR ci ). Applying integration by parts, we see that 

(3.5) J di&M^ dx = - P J C^a/^V dx + (p-l)J C^'m (-^zr) V" dx. 

Moreover, by (JHHJ), diipM G L p oc (<p p dx). ipu G L p oc (ip p dx) is clear. Therefore 
<PM G V^f (m) and 

9 f^ = (l-p)%^ 
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The Leibniz rule in Corollary 12.161 also holds in V^f(p), and so we would like to 
give sense to the expression d?(f<p M ) = <fiM^f + fdftpM- But ip M G V££(ji), 
f E y 1,p (^i) and / is bounded, fdfipM G Lf oc (n) since / is bounded and finally 
fAid^f G L p oc (p) since ipM is bounded. Hence ffu G Ko<f(/-0 anc ^ the Leibniz 
rule holds (locally). By definition of df for C G C^°(R d ) 

| %K<PM<fTdx =(p-l) | /C^^m (^t) ^ 



(3.6) 



fd i (ipM¥> p dx-p I fCipM^-^ dx 



Now let M -5- oo in (|3T6|) . Note that 

<£ M -> (l/(^ P " 1 )l {(p> o} 

dx-a.s. and 

^(l/^- 1 ) -> 1 

cte-a.s. In order to apply Lebesgue's dominated convergence theorem, we verify 

lac/cvw^l < 2|5f jvi iicil Wpc e i x (^), 

where we have used that 

l^PM^l < 1, 

because $m is Lipschitz and i?jwf(0) = 0. Furthermore, 

l/C^A < \fdM IICIIoolsuppc G L l {dx), 

\fOi&M<fP\ < 2\f<p\ liatClL WpC G L^ds), 
and 

l/Cl^w" -1 ! < 2|/%>| IICIL l S up pC G L\dx). 

The formula obtained, when passing on to the limit M — > oo in (|3.6p , is exactly the 
desired statement. □ 

Below, we shall need a lemma on difference quotients. Compare with (TTJ Proof 
of Lemma 7.23] and gT) Theorem 2.1.6]. 

Lemma 3.2. Let z G 5(0, 1) C R d and u G W^ete). Set /or e > 

/ x u(x — ez) — u(x) 
A E u(x) ■= — j — 

for some representative of u. Then 

\\A e u+(Vu,z)\\ LPidx) -> 

as e \ 0. 

Proof. Start with iieC'fl W 1,p ((£e). By the fundamental theorem of calculus 



A £ u{x) = ~\j ( Vu ( 



x — sz), z) ds. 



Use Fubini's theorem to get 
(3.7) 

) + (Vu(x), z)\ p dx = - I I \(Vu(x - sz), z) — (Vu(x), z)\ dxds. 



e 

By a well known property of L p -norms |421 p. 63] the map 

s i — y I \(Vu(x — sz), z) — (Vu(x), z)\ p dx 



is continuous in zero. Hence s — is a Lebesgue point of this map. Therefore 
the right-hand side of (|3.7p tends to zero as e \ 0. The claim can be extended 
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to functions in W 1,p {dx) by an approximation by smooth functions as e.g. in [471 
Theorem 2.3.2]. □ 

Proof of Theorem \l.l\ Let / G V 1,p (n) be (a class of) a function which is bounded 
and compactly supported. By Lemma [2.181 we are done if we can approximate / 
by C^°-functions. Let {?7 e }e>o be a standard mollifier. Since / is bounded and 
compactly supported, i] e * f 6 C^°(lR ci ) with supp(?7 e * /) C supp/ + eB(0, 1) 
and \r] E * / < H/H^. We claim that there exists a sequence e n \ such that 
T] En * f converges to / in V rl:P (^i). The L p (^)-part is easy. Since L x (dx), 
lim £ \^o ||% * / — fll^fdx) ~ ®' Therefore we can extract a subsequence {e n } such 
that r] en */—»•/ dx-a.s. For e n < 1 

\(Ve n * j> ~ fv\ p < 2 p ll/HL kl p l S u PP / + B(o,i) G L 1 (da;). 

By Lebesgue's dominated convergence theorem, lim n ||rj En * / — /H^p^) = 0. 

Fix 1 < i < d. We are left to prove di(r] En */) — > d?f in L p ([i) for some sequence 
\ 0. Or equivalently, 



<f>9i(jie n *f)-Kpd?f mL p (dx). 



Write 
(3.8) 



<pdi(ri e *f)-<p8?f\*dx 



\<p%f - ( V e * (tpd?f))\"dx + / \( % * fttfj*/)) - tpdifa * /)| p da; 



<2 P ~ 



The first term tends to zero as e \ by a well known fact [HI Theorem III. 2 (c) 
p. 62]. We continue with studying the second term. Recall that rj E (x) = ?y £ (|a;|). 



\<pdiijh*f)-{ri e *{<pdttf))\ p te 

<p(x) / diT) s (x-y)f(y)dy- / r} e (x - y)p(y)d?f(y) dy dx 



diVe(x - y)f{y)[ip(x) - <p(y)] dy 



+ J d l i] e (x - y)f(y)<p(y) -t] E {x- y)^{y)d^f{y) dy dx 

apply Lemma \'S. II with £(?/) := rj s (x — y) 

d d 
and noting that d^ E (x -y) = -^—^{x - y) = -—r] e (x - y) 

ox t dyi 



dir] £ {x - y)f(y)[ip(x) - ip(y)} dy + / ij E (x - y) f {y)d l Lp{y) dy 



dx 



<2 p -' I I d lV£ (x - y)f{y)[<p(x) - <p(y)] dy dx + I \ Ve * [fd lV )\ p dx 
J J d iVe (x - y)f(y)[if(x) - <p(y)} dy" dx + 2 P ^ \\fdM\ p LV[dx) ■ 
We would like to control the first term. Replace ip by tp £ W 1,p {dx) defined by: 



<p = <p£ with £ G C^°(lR d ) and l SU p P /+B(o,2) < £ < l S u PP /+B(o,3) ■ 



14 



J.M. TOLLE 



Let h £ : R d — > R d , h £ (x) :— —ex. Then upon substituting y = x + ez (which leads 
to dy = e d dz) 



dir] e (x - y)f(y) [(f(x) - ip(y)] dy 



dx 



diT] E (—ez)f(x + ez) [(p{x) — (p{x + ez)] e d dz 



B(0,1) 



d/x 



By the chain rule —e(dii~i £ )(—ez) = di(r/ £ o h £ )(z) = (1 / 1 e d )di(rj)(z) and hence the 
latter is equal to 



F> ( \t( I \ ^(- T ) ~ ± £Z ) -J 

OiT](z)j{x + ez) dz 



dx 



< 2 p-i 
+ 2P- 1 



diT)(z)f(x + ez) (— W<p(x + ez), z) dz 



B(0,1) 



r/.i: 



dif](z)f(x + ez) 



5(0,1) 



^(x) — <^(ir + ez) 



+ (V<^(lE + £z), z) 



dx 



By Jensen's inequality and Fubini's theorem, the first term is bounded by 
C(p,d)\\d tV \\^\\fdM\ P LP{dxV 

3 = 1 

where C {p, d) is a positive constant depending only on p and d. 

Concerning the second term, we use again Jensen's inequality and Fubini's the- 
orem to see that it is bounded by 
(3-9) 

<p(x) — (p(x + ez) 



C'(p,d)\\d lV \\l 



MP 

oo ll J Woo 



5(0,1) 



+ (V(p(x + ez), z) 



dx dz, 



where C'(p, d) is a positive constant depending only on p and d. Let us investigate 
the inner integral. 

By variable substitution, we get that the inner integral in (|3.9[) is equal to 



(3.10) 



(p{x — ez) — tp(x) 



+ {V0(x),z) 



dx. 



By Lemma 13.21 the term converges to zero pointwise as e \ for each fixed 

ze 5(0,1). 

By inequality (13.1[) . for cfe-a.a. z G 5(0, 1) 



tp(x — ez) — f>(x) 



+ (V(p(x),z) 



dx 



<C(p,d) ||M|V^|||^ (<Jx) |z|"l fl( o,i)(«) s 

where M denotes the centered Hardy-Littlewood maximal function. If p G (l,oo), 
then (p G W 1 ' p (dx) and the right-hand side is in L x (dz) by estimate f|3 . 2|) . If p = 1, 
then V£ G L°°(dx) by (L5| and 



<p(.T — ez) — f>(x) 



+ {V(f{x),z) 



dx 



< C(d, supp/)||M|V£||| 
and the right-hand side is again in L x (dz) by estimate 



L°°(dx) \Z\ P1 B(0,1)(Z) 
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The desired convergence to zero as e \ follows now by the preceding discussion 
and Lebesgue's dominated convergence theorem. 
We have proved that 



J \vdi(r)e*f)-(r}e* (tpd?f))\*dx 



(3-11) 



<C(d,p, supp f,rj) 



EWf d M\l Hdx) + \\f\Lm 

3=1 



with 8(e) — > as e \ 0, and 8 depends only on supp/. 

We shall go back to the right-hand side of (|3.8p . Let fs := rjs * f for S > 0. 
By Lebesgue's dominated convergence theorem again, we can prove that there is a 
subnet (also denoted by {fs}), such that 



(3.12) 



Ell(/-/^IIW)^0 



3=1 



as 5 \ 0. Taking (|3.11[) into account, (/ replaced by / — fs therein), we get that 

hMve*f)-(vsH^f))\\ p LP(dx) 

<2^ ||^(„ e * (/ - f s )) - (r, £ * (/ - fs)))\\ P LP{dx} 
+ 2^ ||^( % * /,) - ( Ve * fs))\\ p LP[dx) 

d 

<c(d,p,su PP /) E ||(/ - fs)dM\l Hdx) + 11/ - fslLm 
_j=i 

+ ||<^(i7 £ * /,) - ( V e * (^fs))\\ p LP{dx) . 

The use of (|3.11[) is justified, since <p = ip on supp / + 5(0,2), thus on supp(/ — 
fs) + B(0, 1). Taking (|3. 12|) into account, by choosing first (5 and then letting e \ 0, 
the first term above can be controlled (since || / — /a || < 2 H/H^). If we can prove 
for any CeC °° v v 

(3.13) ||^(77 e * C) ~ (tfe * &d!tO)\\ P LHdx) -> 

as e \ 0, we can control the second term above and hence arc done. But 

WfdiiVe *()- (Ve * (^iO)lliP(dx) 



< 



J J ' Vs{x~ y)d l ((y) [(p(x) - ip(y)] dy 



dx. 



Substituting y = x + ez (dy = e d dz) and using Jensen's inequality and Fubini's 
theorem again, the latter is dominated by 



B(0,1) 



\&k)(-)-(>Pk){- + £z)\\l* {dx) dz, 



where £ c e C£°(lR d ) with ( ( e 1 on supp £ + 5(0, 1). 

K<pk)(-)-(<PkK- + £z)\\U dx) 

tends to zero as e \ again by [HJ p. 63]. By inequalities (|3.1j) and (13. 2[) for 
dz-a.a. z G B(0, 1) 

IIGtfcXO ~ + ™)\\ P L Hdx ) < <d,p) ||V(^ c )||^ (dx) \ez\n B(0tl) G L x (dz), 



16 



J.M. TOLLE 



for p £ (1, oo), and together with (|1.5[) . for p = 1, 

ll(^c)(0-(^c)(- + e*)llii(d«) 

< c(d,p,supp/) ||V(^)|| ioo((fa) Ml S (oa) e i 1 ^). 

Thus we can apply Lebesgue's dominated convergence theorem. 

The proof is complete. □ 

4. The Kufner-Sobolev space W 1,p {h) 

We shall briefly deal with the Kufner-Sobolev space W 1 ' p (p) first introduced 
in [2S] and studied e.g. in [25 1 150 1 157 ] . 

Definition 4.1. Assume (Reg). Let 

W x *{p) := {u £ L?(fi), | Du £ i p (/i;R d )} . 

Note that in the above definition, by (Reg) and Lemma I2T41 u £ L\ oc and hence 
Du is well defined. 

Proposition 4.2. Assume (Reg). Then VT 1,p (/i) is a Banach space with the ob- 
vious choice of a norm. Also, by definition H 1,p {p) C W 1,p {p). Moreover, for all 
u £ H^ifi), = Du dx-a.s. 

Proof. See [Ml Theorem 1.11] and [H §1.9]. □ 

The following well known result demonstrates the power of maximal functions. 
We include its proof for the sake of completeness. 

Proposition 4.3. Assume 1 < p < oo. Assume that there is a global constant 
K > such that 

(4.1) f-f <p p dx) ■ f-f ip- q dx] < K, 



for all balls B C R d . Then H l p {^) = W^ p (n). 

Proof. Let / £ W /1,p (^), / bounded and compactly supported. Let {n E } e> o be a 
standard mollifier. ip satisfying condition (|4.1j) is equivalent in saying that ip p — 
w £ A p , where A p is the so-called p-Muckenhoupt class. Note that this implies 
(Reg). Let 



M/(s):=supf \f(y)\dy. 

P>0 J B(x,p) 

be the centered Hardy-Littlewood maximal function of /. By J35J Ch. II, §2, p. 57] 
we have the pointwise estimate 

\f*Ve\<Mf Ve>0. 

Also, by [J5J Ch. V, §2, p. 198], and the sublinearity of M it is easy to prove that 

|V(/*r? e )| < M\Df\ Ve>0. 

By [43j Ch. V, §3, p. 201, Theorem 1], w £ A p implies that there exists a constant 
C > such that 

(Mf(x)) p w{x) dx<C J \f(x)\ p w(x) dx V/ G L p (ii). 

Since / was assumed bounded and compactly supported, by (Reg), / G L l (dx) 
and {/ * r] e } converges to / in L 1 (dx) as e J, 0. A similar statement holds for |D/|. 
Hence a subsequence converges dx-a.e. Taking the above estimates into account, 
we see that a subsequence of {/ * n E } converges in IF 1,p (/x) to / by Lebesgue's 
dominated convergence theorem. □ 
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We arrive at our major contribution to the study of the "classical" weighted 
Sobolev space W ' p (fi). For p = 2 it was proved in [3]. 



Proposition 4.4. Assume (Reg), (Diff), and if p = 1, assume also that (|1.5 
holds. Then 

H 1 ^^) = V x ' p (ji) = W l ' p {n). 



Proof. The first equality follows from Theorem ll.il Therefore by Proposition 14.21 
V^ p (p) C W^ip) and for u £ V^ip), V^u = Bu both /i-a.e. and dx-a.e. (recall 
that (Reg) implies that dx and n are equivalent measures). 

Conversely, let / E W hp (p) n L°°(p). Since by Lemma [231 <p p £ W^{dx), we 
have for each i £ {1, . . . , d} and each n £ C ( Jj >0 (R' i ) that 



BifTjif p dx = - J fdi(T](p p ) dx, 

where di is the usual weak derivative in W^(dx). But, again by Lemma 12.91 the 
right-hand side is equal to 

fdirnp p dx - J friPitp p dx. 

Therefore / £ V 1,p (y) and D/ = V M / both /i-a.e. and dx-a..e. It is well known 
that, given (Reg), bounded functions in W 1,p (ii) are dense in W 1,p (/j,) and hence 
W^in) C V^ p (p). □ 

5. The weighted p-Laplacian evolution problem 

Main result 11.11 can be used to investigate the evolution problem related to the 
weighted p-Laplacian equation. We shall briefly illustrate the procedure for the 
so-called degenerate case, that is, p £ [2, 00). With a weak solution to equation 
(1.7), we mean a variational solution in the sense of [8j Ch. 4.1, Theorem 4.10]. 

Theorem 5.1. Let p £ [2, 00). Suppose also that /1 is a finite measure, so that 
L p ([i) C L 2 ([i) densely and continuously. Suppose that (Diff) holds for ip p = w > 
0. Then the evolution problem fj 1 . T[) admits a unique (weak) solution. 

Proof. We represent the monotone operator 

{ v^ Mr (A(u),v) vl , pM = J |V^r 2 (V^,V^) wdx, 

as the Gateaux derivative of 

E p {u) := - j \V»u\ p wdx 

in the triple of dense and continuous embeddings y 1,p (^) C L 2 (n) C (V 1,p {(x))* . 
Since p > 2, the operator is demicontinuous, compare with [8j Ch. 2.4, Theorem 
2.5]. Boundedness of the operator A follows straightforwardly. See [HI Ch. 4.1, 
Theorem 4.10] for details and the terminology. Existence follows now from [5J 
Theorem 4.4]. Uniqueness follows from monotonicity. □ 

For p £ (2, 00), consider the following additional condition on w. 
(5.1) w- 1 '^- 2 ^ £ L 1 {dx) 

Lemma 5.2. Let p £ (2, 00). Assume that condition (|5.ip is satisfied for w. Then 
L p ([i) C L 2 {dx) continuously and (Reg) is satisfied. 
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Proof. Let u G L p (R d ,/i). By Holder's inequality, 

1/2 . vl/p / / v p/(p-2) \(P-2)/(2p) 

<i^j\u\ p ^ p dxj ■{][-) dx\ 

which is finite by (|5.1[) . 

Since for any ball _B C R d , it holds that 

l B w- 1 '^ < (isw- 1 '^ + l s ) G Lj^fda?), 

we see that (Reg) is satisfied. □ 

Consider the following evolution equation in L? (dx) 

d t u = div [w\\7u\ p - 2 \7u] , in (0,T)xR d ,l 

< > ~' u(-,0) = u G L 2 (dx) : in R d . J 

The above equation differs in a "weight term" due to the dualization in L 2 (dx) 
rather than in L 2 (/i). 

Theorem 5.3. Let p G (2,oo). Assume that condition (|5.ip is satisfied for w. 
Assume (Diff). Then (15. 2[) admits a unique (weak) solution. 

Proof. By Lemma I5T21 L p (p) C L 2 (dx) continuously. Hence the proof follows again 
from [9J Theorem 4.4] and monotonicity. □ 

6. A NEW CLASS OF p-ADMISSIBLE WEIGHTS 

We shall recall the definition of p-admissible weights from [53] by Heinonen, 
Kilpelailen and Martio. Note the similarities between (|6.2p and (|2.ip above. 

Definition 6.1. A weight w G i 1 1 oc (lR rf ), w > is called p-admissible if the follow- 
ing four conditions are satisfied. 

• < w < oo dx-a.e. and the weight is doubling, i.e. there is a constant 
C\ > such that 



(6.1) f w dx < d [ w dx V balls B C R d . 

J2B J B 

• If VI C R d is open and {%} C C°°(fl) is a sequence of functions such that 

(6.2) / \i lk \ p wdx -)■ and \Vn k - v\ p w dx ^ 
Jn Jn 

for some v G L p (fl, w dx; R d ), i/iera v = G R d . 

• There are constants K > 1 and C3 > swc/i i/iai 

/ 1 /• \ V( k p) / 1 /• \ Vp 

(6.3) / Inl^todac 1 <C 3 diamB / \Vn\ p wdx) , 

\j B wdxJ B J \J B wdxJ B ) 

whenever B C R d is a ball and n G Cq°(B). 

• There is a constant C4 > such that 

(6.4) f \n-n B \ p wdx < C 4 (di&mB) p [ \\7n\ p wdx, 
Jb J b 

whenever B C R d is a ball and r\ G C£°(B). Here 

r lB ■= r 1 , / r]wdx. 
J B wdx J B 

The next results were basically proved by Hebisch and Zegarlinski in [3TJ Section 
2]. We include the proofs in order to make this paper self-contained and obtain 
concrete bounds due to a more specific situation. 
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Lemma 6.2. Let 1 < q < oo, f3 e (0, oc). Let fj,(dx) := exp(—f3\x\ q ) dx. Then for 
any C > (/3q) _1 , any e > and any D > (I + + (e _1 + d — 1)C, we have that 



(6.5) J \fWx\i- 1 fi(dx) <C J \Vf\n(dx)+D J\f\^dx), 

for all f G C^(R d ). 

Proof. Let / G CQ(R d ) such that / > and / is equal to zero on the unit ball. By 
the Leibniz rule we get that 

(V/)e-fl-l* = V (fe^) + sign(-)e^H'. 

Plugging into the functional g h-> J* sign(x)) yields 

/" (sign(x),V/(a:))e-' 3|a;|<! da: 
(6-6) \ 

= / ZsignCajJ.Vr/e-^l'n dx + j3q / /(^laf- 1 ^^" dx. 
Clearly, for the left-hand side, 

(6.7) f (sign(x),Vf{x))e~^' 1 dx < ( \V f {x)\e~ ^ q dx. 



Recall that 

( 25 , if d=l, 

(6.8) div(sign(x)) = | d-1 . f d > 2 

(in the sense of distributions), where (5o denotes the Dirac measure in 0. Hence 
after an approximation by modifiers, for d = 1, we get the formula 

(6.9) J (sign(x), V (/e^'*' 9 ) ) dx = -2 J fe~^ q S (dx) = -2/(0) = 0. 
For d > 2, we get that 

(sign(*),v(/e-^l a )) 

=(l_d) y J-f e^N* > (1 - d) y /e^l^dx. 
Gathering dHJ), ([67T]) . ([63]) and (|6~TUj) gives 

(6.11) /3« / /l^r 1 M (dx) < / |V/| (x(dx) + (d - 1) / / M (dx). 



(6.10) 



Replacing / by |/| and noting that V(|/|) = sign(/)V/, we can extend to arbitrary 
/ 6 Cq 1 such that / = on 5(0, 1). 

Now, let / G Cq be arbitrary. Let e > 0. Let <p(x) := 1 A (e _1 ((l + £) - \x\) V0). 
Then f = g + h, where g := <^/ and h := (1 — <p)f. Also, ft = on B(0, 1). Now, 

|/||xrV(^)=/ |/|N*-V(^)+ / |/|N'-V(^) 

./|x|<l+s V|x|>l+e 

(6.12) <(l+e) 9_1 /" \f\fi(dx)+ [ |/i||i|«-V(da;) 

./|a:|<l+e ./|x|>l+e 

< (1 + e)"- 1 / 1/| ^(dr) + / Iftllxl"- 1 M (dx). 
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Note that |V/i| < |V/| +e dx-a,.s. Let C > (/3(j) 1 . By an approximation in 
W 1,co -norm, we see that (|6.11D is also valid for h and hence 



|/i|M 9_1 fi{dx) <C J \Vh\ n(dx) + C{d - 1) / \h\ fi(dx) 
<C [ |V/| n(dx) + (e- 1 +d-l)C [ |/| fx(dx), 



which, combined with (I6.12[) , yields inequality (|6.5p with D > (1 + e) 9 1 + (e 1 + 
d-l)C. □ 

Lemma 6.3. Let 1 < p < oo, q :— p/(p — 1), ft £ (0, oo). Let /i(dx) := 
exp(-/3|a;| ? ) rfa;. Let C > (/Sg)^ 1 . Let W e C 1 ^) foe a differentiable potential 
(in particular, is bounded below) such that 

(6.13) \VW(x)\ < Slx^- 1 +7 

w«t/i some constants < 5 < C , 7 G (0, 00). Let V" foe measurable such that 
osc U := sup V — iniV < 00. Let dv :— exp(— W — V)dfi. Then for any Eq > 0, 
any 

C > (l-CSyhopCe 208 ^, 

any £\ > and any 

D' > (1 - C<5) _1 e 2oscl/ ((1 + e^- 1 + (er 1 +d-l)C+ {e oP )- q ' p C P q- 1 + 7) 
it holds that 

(6.14) y l/nxl"- 1 v{dx) <C J |V/| P + £>' y |/r i/fdi), 
/or any / S Cj. 

Proof. Plug |/| p e _wr into f|6 . 5[) . By Leibniz's rule we get that 
imxl^e-™ v(dx) 

<C P J \f\v- l \Vf\e~ w ii{dx) 

+ C y l/TlWle^^aO + Ll y l/^e"^^). 

For the first term, 

CP J \fr x \Vf\e- w ii{dx) 

<C P (J \Vf\ p e- w n(dx)j ^ ■ (y |/| p e- w M^)) 

<£ pC / \yf\^e- w f,(dx) + (e p)- q/p C P q- 1 [ \ffe~ w »(dx), 



by the Holder and Young inequalities resp. Since oscU < 00, the claim follows by 
an easy perturbation argument, see e.g. [161 preuve du theoreme 3.4.1]. □ 

Usually, one would set £0 := P and £1 := 1. 

Theorem 6.4. Let 1 < p < 00 and let w be a weight such that w satisfies a local 
p-Poincare inequality (|6.4p with constant C4 > 0. Let j3, W , V , C > 0, D' > foe 
as in Lemma \6.!A 
Let L > D' . Let 

a L := osc [-p\.\i-W-V]. 

B(0,LP-i) 
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Let 



c 



> 2 9 - 



1-f 



Suppose that dv w := cxp(— — W— V) w dx is a finite measure. Thenv w satisfies 
the Poincare inequality 



, / fdv n 



Jd, 



v., 



<&/,„ < c / iViTdz^, 



/or all f eC%°(R d ). 

Proof. By the results of Lemma 15751 we can apply [HI Theorem 3.1]. □ 



Before we prove Theorem ll.3l let us note that, under our assumptions, the results 
of Hebisch and Zegarlihski (in this particular case) extend to y 1,p (/i) = W 1,p (fi). 
Of course, other Poincare and Sobolev type inequalities for smooth functions extend 
similarly to V^ 1,p (/i) if the weight satisfies (Diff). 

Proof of Theorem ] 1.31 Let us prove that exp(— (3\-\ q — W — V) is doubling. Let 
c Yi c Y ^ 1> ^2 \ C X G R be the constants from property (D). Let a := infW, 
6 := inf V. Let B C R d be any ball. Then 

er ^\ x \i_ W {x)-V{x) dx = 2 f e -2"/3\x\"-W(2x)-V(2x) dx 
-IB JB 

< 2e~ (c i V -V a + C 2 '-{<% f e -W-w(x)-v(x) dx 



B 

which proves the doubling property. 

By similar arguments as in the proof of Lemma f2.6l condition (|6.2p is implied con- 
dition (Reg) which is obviously satisfied, since /3|-| 9 , W and V are locally bounded. 
However, by a general result due to Semmes, (|6.2[) is implied by (|6.1[) and (|6.4p . 
see [231 Lemma 5.6]. 

The weighted Poincare inequality (|6.4[) follows from Theorem 16.41 by noting that 
exp(— (3\x\ q — W — V) dx is a finite measure. 

The weighted Sobolev inequality (16.31) follows from (|6.ip and (|6.4p by a general 
result of Hajlasz and Koskela |18j . 

Suppose now that V E W^{dx). Since W £ C 1 , also W £ W^°(dx). A 
similar statement holds for — P\-\ q - Therefore, it is an easy exercise to check that 
the conditions (Reg) and (Diff) are satisfied. □ 
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